In the framework of thermo field dynamics, the so·called thermal state conditions of the vacuum are extended from the equilibrium case to general cases in the Heisenberg picture. The formalism is shown to describe nonequilibrium phenomena of a quantum field system. It is shown that the causal formulation of a perturbation theory is developed. As an example of application of the perturbation theory, an effective Hamiltonian describing a reservoir effect is obtained. § 1. Introduction
In the framework of thermo field dynamics, the so·called thermal state conditions of the vacuum are extended from the equilibrium case to general cases in the Heisenberg picture. The formalism is shown to describe nonequilibrium phenomena of a quantum field system. It is shown that the causal formulation of a perturbation theory is developed. As an example of application of the perturbation theory, an effective Hamiltonian describing a reservoir effect is obtained. § 1. Introduction
In the past ten years, thermo field dynamics (TFD)1)-6) has been developed as one of the quantum field theories at finite temperature.
)
The advantages of this formalism lie in the fact that it has a close relation with the operator formalism of the usual quantum field theory in real space-time and that it allows a full use of the operator formalism and the notion of states. It has been shown S ) that the frawework of TFD has a close relation with the C* -algebra approach in the rigorous statistical mechanics. 8 ) The perturbation scheme of TFD in equilibrium is also shown to be equivalent with that in the path-ordered formalism. 9 ) It has been recognized that TFD has a much richer structure than the usual quantum field theory, since one can impose a condition (called a thermal state condition 10 » on the vacuum in order to specify particle distributions. Generalized annihilation operators are defined, and a generalized Feynman diagram method is developed for any operator set which forms a closed algebra.ll) Such results can be obtained solely from the quantum algebra and the thermal state conditions. 12 ) In the formalism discussed in Refs. 1) ~ 6), 9) ~ 12) the ground state vacuum is in a canonical equilibrium. This paper aims at investigating the cases where the conditions of the vacuum are extended to more general cases within the same framework of TFD. The cases are shown to describe nonequilibrium phenomena of a quantum field system.
Attempts to generalize TFD into nonequilibrium have been proposed in recent years by several authors. A time-dependent disturbance was included in the framework, which leads to a response theory.13) . By use of the same idea used in equilibrium,2) the ground state vacuum constructed from the density matrix was proposed,6).14) but not much analysis has been made so far along this line. Arimitsu and Umezawa pointed oue S ) that a rather new formulation of TFD is necessary to describe nonequilibrium cases, introducing the so-called Liouville space which is an asymmetric choice of bra-and ket-vacuums. 16 ) It has been shown that the concept of coarse graining l7 ) can be fitted· to the framework. It was claimed that a reservoir effect is determined from several requirements,18) and they developed some analyses by use of such ideas. 19 ) In the density matrix approach to nonequilibrium phenomena, one needs to specify the initial density matrix in addition to the Hamiltonian in order to describe a system. The thermal state condition used in Refs. 15), 18) and 19) are for unperturbed operators, and it is not clear how they are related to those of the Heisenberg picture. Even in equilibrium cases, there is the case where differences between vacuums in the Heisenberg picture and in the interaction picture lead to some additional contributions. 20 ) Also the reservoir effect depends on types of interaction between the system and reservoir, and therefore the claim that the requirement of approaching equilibrium determines the effective Hamiltonian needs more careful investigation. In this paper, we will study the framework of nonequilibrium TFDin the Heisenberg picture. It will be shown that the framework is obtained as <i straightforward generalization from the equilibrium case and is shown to lead to equivalent results of the density matrix method.
As for nonequilibrium theories, many approaches have been proposed and many useful notions such as the coarse graining, subdynamics etc. are produced. 17 ), 21) One may say that the approaches using the Liouville equation of the density matrix are based on the Schrodinger picture. In quantum field systems where many quantum excitations are created and annihilated, it has been known that the Heisenberg picture is more convenient, since processes at different times can be easily considered. The path-ordered formalism 22 ),23) has been developed along this line and it supplies us with a Green's function method of nonequilibrium theory. However, in this formalism, operators on the forward and backward pathes must be distinguished, which prevents a straightforward extension of the operator formalism in the usual quantum field theory. Since TFD preserves any operator formalism of the usual quantum field theory and also the notion of states, it is a suitable formalism to develop the Heisenberg picture for nonequilibrium theory.
When we consider nonequilibrium TFD, we can consider it as a formulation of an initial value problem in quantum field theory. In classical field theory, the initial values of a concerned field and its field equation are enough for an initial value problem. However, in quantum field theory, we must set up all possible vacuum expectation values of the field operators (and their canonical operator) at an initial time. The time development of these amplitudes is described by the Hamiltonian through the Heisenberg equation. The setting up of all possible vacuum expectation values at the initial time necessitates in addition to the Hamiltonian H a certain operator Q. This corresponds to giving the initial density matrix of the density matrix method. This paper is the first of the series of three papers discussing the quantum field theoretical formulation of nonequilibrium theory. In this paper we discuss the conditions for the initial vacuum describing the general initial particle distribution. 24 ) Instead of using a Liouville space formulation/ 5 ) we set up the framework, keeping the usual Hilbert space operator formalism. The validity of the framework is demonstrated by showing the equivalence with the density matrix method. Then a perturbation theory is developed. It is shown that even in nonequilibrium cases, a time-ordered formulation is possible in TFD. As an example of this perturbation scheme, we consider the case with a reservoir. We consider this case to demonstrate the procedure of the coarse graining in the Heisenberg picture. By eliminating reservoir variables, the effective Hamiltonian method is developed. The effective Hamiltonian is obtained in a model independent way and it contains generally timedependent coefficients. It will be shown that the obtained effective Hamiltonian satisfies all axioms presented in Ref. 18) , indi~ating that the axioms presented in Ref. 18) are not enough to determine the reservoir effect uniquely. The time-dependent nature of the effective Hamiltonian also modifies even behavior of a simple harmonic oscillator model. In the subsequent paper, we will discuss whether or not the so obtained effective Hamiltonian forces a system to approach to a canonical equilibrium. 25 ) In the third paper, we present a formulation for a closed quantum field system. 26 ) There it will be shown that a similar type of an effective Hamiltonian as in the case with a reservoir can be obtained also in a closed field system to describe propagators.
This paper is organized as follows. In the next section, we discuss the framework of TFD for nonequilibrium by referring to that of equilibrium. In § 3, the framework is shown to lead to the equivalent results with those in the density matrix method. This demonstrates the validity of the framework presented in § 2. In § 4, we develop a perturbation theory within the framework of § 2. The causal formulation of the perturbation theory necessitates a use of transformed operators in the present framework. This is a natural consequence of the framework set in § 2. In § 4, the perturbation scheme is applied to evaluate the reservoir effect. The approximation to obtain the effective Hamiltonian is clarified. It will be shown that the obtained effective Hamiltonian satisfies all axioms set in Ref. 18) , indicating that the effect of the reservoir is not uniquely determined. In § 6, an effect of time-dependence in the effective Hamiltonian is demonstrated in a simple harmonic oscillator model. Section 7 is devoted to concluding remarks. § 
N onequilibrium thermo field dynamics
In this section, we study a framework of TFD which may be applicable even when a system deviates from equilibrium. Let us consider a case where a system is almost in equilibrium in space and a small local region deviates from equilibrium. Such a state may be expressed by an operation of a locally distributed operator on the equilibrium state 10(,8»:
where <l>(x) is a certain operator specifying the initial state of the system. The operator <l>(x) damps fast enough at infinity for convergence. By use of the spectral representation in TFD of the two point function whose energy support extends from -co to +co, one can show that any inner product with the states constructed on 10(,8» Here any framework of TFD in equilibrium is not needed to be modified, and the only additional information is the specification of an initial nonequilibrium state. If we prepare an initial nonequilibrium state by increasing nonequilibrium region in space in I (/)(t», it may be natural to require most of the axioms of TFD even when the system is not in equilibrium. Of course the above argument of approaching equilibrium needs reconsideration for the case with the infinite volume of nonequilibrium region, since the limit of the infinite volume and that of the infinite time may not be commutable. However, we emphasize here that, in the above argument of approaching equilibrium, the quantum field system is essential. In a quantum field system, due to the presence of continuous multi-particle-holt; excitation levels, any excitation damps at t~oo. This also suggests,the importance of investigation of a quantum field system as a possible closed thermal system. TFD is constructed according to the following axioms.
6 ),12),24)
I) Quantum algebra
There exist two sets of ' operators Ji and Jl which form separate algebras:
where AE Ji and BEJl. All of the algebraic properties of the usual quantum field theory are assumed for the albebra of Ji.
II) Tilde conjugation rules
There exists a one-to-one mapping between Ji and Jl called the tilde conjugation which satisfies the, following rules:
III) The thermal vacuum IC> There exists a thermal vacuum IC>. The thermal average <A(t» of an operator
A(t)(=eiHtAe-iHt; H the Hamiltonian) is given by
IV) The thermal state condition at the initial time 
and annihilates the vacuum
Let us present some remarks on the above axioms. As was discussed in Ref. 12), the algebras Jl and Jl can be considered as two independent but equivalent realizations of the dynamics of the system; one corresponds to the particle description and the other corresponds to the hole description. By specifying the condition of how the annihilation of the particle corresponds to the creation of the hole, one can describe the situation where certain particles distribute in space-time. This condition is the thermal state condition.
When an algebra [A, B]= C is given in Jl, the tilde conjugation rule says that there exists a corresponding algebra in Jl, which is given by LA, .8] = C. Therefore, the time evolution of an operator A is given by the Heisenberg equations:
. a ---
which are summarized as
with
Ii =H -Ii and Aa(t)=A(t) (a=l) and .f1t(t)(a=2).
In a rigorous sense, the thermal state condition (2·5) is enough to be required for an irreducible set of canonical variables. It is easily shown that, if two operators satisfy (2·5), their sum and product also satisfy (2·5), leading to (2·5) for any operator A.
.
Although the thermal state condition (2·5) is given at the initial time t=O, it can be generalized to arbitrary time t as (2·na) when one applies (2·5) to the operator [eiHtAe-iHt] . Its hermitian conjugate leads to
As has been studied in the equilibrium formulation of TFD, the presented axioms 1) ~ IV) are sufficient to obtain any vacuum expectation value of operators when Q is chosen as
N ow our question is what happens when Q is chosen differently from (2 ·12). In the next section, we will show that the axioms set in 1) ~ IV) leads to the equivalence (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) In this sense Q is related to the density matrix po at the initial time as (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) Therefore the condition in IV) is also considered as those of initial expectation values of operators. Contrary to finding the· time development of the density matrix (Schrodinger picture), the time development of field operators is considered in the present formalism (Heisenberg picture). § 3_ The equivalence with the density matrix method
In the previous section, the framework of TFD is axiomatized as I) ~ IV). Since the framework consists of the algebra of the operators and the conditions of the vacuum, one can apply many properties of the operator formalism of the conventional quantum field theory and also the theory for the linear space.
However, axioms I) ~ IV) are set as a generalization of the equilibrium case. Therefore one might have a question if the theory developed with these frameworks has anything to do with the existing physical theories. We will show in this section that the equivalent results of the density matrix method are obtained in the present formalism by use of only axioms I) ~ IV).
The proof presented here is rather formal one. Even in the equilibrium case, the vacuum in TFD and the vacuum used in the trace formalism are unitarily inequivalent in the case of infinite freedom,4) although both methods give the same result, for example, in the perturbative calculation. Therefore the proof is applicable to the cases with finite operator freedom and also to the cases where infinite freedom is obtained as a certain limit of finite freedom. This is enough for us to have the relation between the present formalism and that in nonequilibrium statistical physics.
First we define a formal state II c) as
IIc'>=eQIC)=eQIC) .
We have from (2-5) together with (2-7) and (2) (3) (4) (5) (6) (7) (8) Allc)=6jitIIc) , <IcIA=6*<IcIAt and (3-3)
Let us insert ~ complete set in (3-3). Since there exist two operator sets Jl and Jl, the states are specified by tilde and non-tilde states Inm), where
The state Inm) is constructed from a vacuum 10) by a certain operator set In the proof, we have used only the algebraic properties, the thermal state conditions and the representation theory in the linear space. Therefore the framework presented in I) ~ IV) leads to the equivalent results with those in the trace formula.. This indicates that now we can develop the nonequilibrium theory solely within the framework of TFD.
If we notice that the vacuum I C> is expressed formally as
n by use of the idea in Ref.
2), the equivalence (2-13) can be easily seen and all axioms for the vacuum in § 2 are checked to be satisfied. In this section we have demonstrated the equivalence starting from the framework in § 2 in order to show that any calculation solely based on this framework leads to the same results of the density matrix method. § 4_ The causal formulation of the perturbation theory
For practical use, it is convenient to develop a perturbation theory .. Although the notion of perturbation needs a certain extension in the situation where particle distributions change with time, we develop a perturbation theory here in the usual sense. Namely let us assume that a Hamiltonian H consists of two parts H=Ho+HI, where Ho is an unperturbed Hamiltonian and HI is an interaction Hamiltonian. It is possible to develop many kinds of perturbation theory even in the framework of TFD. In the equilibrium theory, it is known that the causal formulation is convenient since operator products can be treated in a symmetrical way. Here also we look for a causal formulation of the perturbation theory. As was pointed out in Ref. 13) such a formulation is possible in the case where the initial state is in equibrium. We now generalize the treatment of Ref. 13) .
A thermal average of operators of the system is given by 
H/t)=HI(t)-H1(t) .

(4'7)
(4 ·8) (4'9) (4 '10) Note that u(oo,O)G has naturally appeared in the framework of TFD through the thermal state condition, if one wants a causal formulation of the perturbation theory. In equilibrium, the transformation (4'9) can be regarded as the shift of time variables, since Q and H are proportional. In nonequilibrium, Q and H are different. It will be shortly shown that the use of transformation (4'9) can treat any problem in the present perturbation scheme.
In general, let us denote (Aa"'B 7 )G by
where A a is the thermal doublet of an operator A:
Then we can extend (4'8) as (4'13) Therefore, by considering a transformed thermal doublet, Aa(t)c. instead of the original thermal doublet, A a(t), one can develop the causal formulation of the perturbation theory even for the nonequilibrium vacuum. One should notice that
« TAH(t1)G"'AH(tn»G)=< TAH(tl)···AH(tn» , <(.TAH(tl)G··· AH(tn»G>=< TAH(tl)'" AH(tn» =<TAH(tl)"'AH(tn»* ,
that is, the vacuum expectation value for the first component (or the second component) gives the physical thermal average. The thermal state condition (2'l1a, b) are modified in an asymmetric way:
<CIA(t)=6*<CIAt(t)G.
This is because the hermitian conjugate of Aa(t)G is not A ta(tk
However, the form of any original operator relation is preserved for the transformed operators, i.
e., if [A(t), B(t')]±=C(t, t'), then [A(t)G, B(t')G]±=C(t, t')G. Specifically, the Heisenberg equation is and the canonical relation [A(x), A t(Y)]=8(x-y) is preserved as [A(x)c, A t(y)G]=8(x-y).
(4·18)
In this way, by considering the transformed thermal doublet, one can formulate the . Feynman diagram method even for the nonequilibrium vacuum.
In the present formalism, the algebra and the form of thermal state conditions for the bra-andket-states are enough to calculate any vacuum expectation values as has been shown in Ref. 24 ). Therefore one need not calculate the transformation (4·11) explicitly. Instead the perturbation scheme based on the thermal state condition (4 ·16a, b) can be developed. The effect of .Q is evaluated by the difference between the unperturbed vacuum IGo> and the vacuum IG>. The effect of the initial density matrix has been known as the problem of the initial state correlations. 27 )
The analysis of this problem will be presented in a separate paper.
)
It can be shown that the perturbation scheme obtained in (4·13) is equivalent to that of the path-ordered formalism. 29 )
The Liouville space formulation of Ref. 15 ) introduces the asymmetrical bra-and ket-vacuums instead of using the transformed operators. It has been known that many asymmetrical choices of the vacuum are possible in the equilibrium case/ 6 ) and it was shown that all choices are equivalent due to the fact that .Q and Hare proportiona1.
However, the present analysis indicates that the causal formulation of perturbation in nonequilibrium is allowed only for one representation of asymmetrical thermal state condition differently from the equilibrium case. The same form of the asymmetrical thermal state condition is obtained by use of either the transformed operators or the asymmetrical bra-and ket-vacuums. In this paper we use the transformed operator method, since we can use hermitian conjugation, positivity, reality of operators in the usual sense of operator formalism. In this way, we can ensure the real-valuedness of expectation values for hermitian operators. § 5. The thermal reservoir and the effective Hamiltonian method Usually a reservoir is considered as an equilibrium system with large heat capacity and interacts weakly with a system under consideration. Therefore the perturbation theory developed in the previous section can be applied.
Before going into analyses of the reservoir effect, we present the procedure of the coarse graining (that is, the elimination of unconcerned variables) in a general form in the Heisenberg picture. Let us assume that the Hamiltonian is diVIded into three parts, (5·1) where Hs depends only on variables of a system "5" and HR only on those of a system "R" and HSR is the interaction between them. We can write HSR in general as (5'2) where A is an operator of the system "5" and R is for the system "R". It should be understood that the space integration is replaced by a discrete sum for discrete operators. In general A and R are certain functions of fundamental field operators.
Consider where Ea=l(a=l) and -1 (a=2) and P: is the thermal ordering operator defined by
Pa(Aa···Ba)=A1···B1(a=1) and B2···A2(a=2).
Let us assume that I C) is given by a direct product of the vacuums for" 5" and The functional ZGR is a generating functional of the connected Green's functions of the R-operator, when At and A are c-number. It describes the highly nonlinear and nonlocal effective interaction in the system "5" induced through "R". On the righthand side of (5·8) only the variables of "5" appear, indicating the coarse graining applied in the Heisenberg picture. When the above procedure is applied for evaluation of the reservoir effect, we can develop a further simplified approximation, since the modification of the reservoir is assumed to be negligible and interactions are to be small. 
. cpwa(x)=w(t, O)-lcpa(x)w(t, 0).
Here we have used the fact that
<Csl(w(t, t'»G=<Csl(w(t, t')-I)G=<Csl.
(5·14) (5·15)
The power of this approximation lies in the fact that the approximate equality in (5·14) becomes exact when the equal-time oper:ator product is considered:
<Csl(Tw(oo, O)cpal(Xl' t)···cpan(Xn, t»GICs> =<Csl( T CPW a1 (Xl, t)···cpwan(Xn, t»GICs).
This can be seen easily by using (5·10) and
<Clii(t, t')G=<CI.
(5·17)
For the multi-time Green's functions, the validrny of Eq. (5 ·14) is limited by the validity of the approximations (5·10) and (5·13). When the characteristic relaxation time Ln of the reservoir is short enough in comparison with the reaction time of the system, any contractions of the reservoir variables may be approximated as instantaneous ones. In this case one has (5·10) and (5·13) being good approximations. Let us discuss the relation between the presented procedure and the coarse graining in statistical physics. In order to discuss the time development of cpwa(x,t), it is convenient to define an effective Hamiltonian from w(t, 0).. Define K1(t) by and Kit by
KIt=exp[ -iHst]KI(t)exp[iHst] .
Then the effective Hamiltonian Kt is defined by
Kt=Hs+KIt .
The time development of an operator Awa(t) is given by The thermal state conditions for the system with the reservoir variables eliminated are
Then the framework of the effective Hamiltonian method is given by the Hamiltonian Kt in (5·21) and the thermal state conditions (5·27) and (5·28).
Let us obtain the form of Kt in the lowest order approximation. When the interaction between the system and the reservoir is given by (5·4), one has
in the lowest order of g, where
and (5·31)
The state IGR> is assumed to be in the equilibrium state with temperature /3-1.
Therefore LlRCap(X -y) is evaluated as where with 6(K, k) being a spectral function for the reservoir operator Rand
Note that
V6(w)r6 V6(W)*= r6.
From (5·29), we have up to order of g2
A7(y, O)Ata(x, t')(r 6 LlRC(x-y, t')r.,.)«7].
Denote
Aa(x, t)=e-ieAtAa(x, 0),
€A is an operator satisfying
Ata(t)eA=-i ~Ata(t).
By using (5·32) and approximating V(w) by we have
where Nonequilibrium Vacuum in Thermo Field Dynamics
We symmetrize the thermal effect from Jla(x, t) and Jl*r(x, t) defined by V.,. and rewrite (5'40) by the operators
Finally we arrive at the expression When CA is constant, the obtained KIt in the limit t ~ co gives the same result as obtained in Ref. 15) . The time dependence of ,,::Mt) and Yk(t) for a constant CA is illustrated in Fig. 1 .
Specifically, at T=O K, the effective Hamiltonian KIt becomes
where CA in (5·55) is assumed to be a c-number. That is, the effective Hamiltonian method corresponds to an introduction of the imaginary dissipative part in the Hamiltonian of the T=O K case. This means that Ak(t) and .Ak(t) damp exponentially while Ak t(t) and .Ak t(t) grow exponentially. Therefore, if one identifies <GIAk t(t)Ak' (t')IG>~<GsIAZw(t)Ak'W(t')IGs>, one finds an incorrect result for t < t'. The effective Hamiltonian method is applied only in'the T -product,
When the reservoir is strongly affected by the system as is in the case where the temperatures of the reservoir and of the system change with time in a self-adjusting way, one must go back to the full expression given in (5·8), and the effective Hamiltonian method cannot be applied straightforwardly. may give many useful relations for analyses of more complicated problems. This can be seen from the following consideration. . In the analysis of a quantum field system, a notion of propagator is known to be useful. Once an unperturbed propagator is set up, the self-energy is obtained as a correction of it. We can regard the appearance of the self-energy as a result of nonlocal interactions induced by various unobserved variables to the unperturbed operator, that is, a kind of coarse graining. Therefore in an analysis of the propagator, we can expect appearance of a similar equation analysed in this section. In the analysis of Ref. 15 ), the case is too much simplified. Detailed analysis of the relation with the propagators will be presented in a future work.
26l
Let us consider that A(x) is a fundamental field ¢(x), whose system has a free Hamiltonian Hs=¢t €( -if7)¢. Then the effective Hamiltonian (5·21) obtained from (5·43) or (5·40) is given by
where ak is defined by
and LMt) and Yk(t) are given in (5·53) and (5·54) respectively with CA replaced by c(k 
When the coupling g2 is' small, the frequency of the oscillation is the same as c(k). On the other hand, Eq. (6·11) indicates that the time required to reach equilibrium is delayed by the amount
due to the relaxation effect of the reservoir. If the characteristic time for the reservoir LR=l/YR is very short, LR<t1, then the to-effect is negligible. The time dependence. of sinQR(t) and e-Tk(t} is illustrated in Fig. 2 . Hereafter we omit the kdependence. In order to evaluate (6·5) in a more convenient form, let us assume 
H. lMatsumoto
By the use of this property, we can rewrite (6·5) in the following form:
By the use of the property
we have with When the relative time goes to infinity, the time ordering always guarantees the existence of an exponential damping in the two point functions (6'31a) and (6·31b).
In the example presented here, the reservoir gives the dissipative effect to the two point functions of the system with the correct thermal mixing due to temperature. The number operator calculated from (6'33) changes with time, indicating that the total particle number is not conserved. The origin of the non-conservation of the particle number is the interaction (6 '1) in which the particle phase of the system is not conserved; [Kt , na]=i=O although [Kt , n]=O. When we modify the interaction between the system and the reservoir in such a way that the phase invariance of the system is preserved, the total particle number of the system should not change, which also shows the interaction dependence of the reservoir effect. Such a model will be studied elsewhere. § 7.
Concluding remarks
In this paper, we have studied TFD by generalizing the conditions of the vacuum. The formalism turns out to be a theory for nonequilibrium phenomena. A perturbation theory is developed in a causal form and is applied to evaluate effects of reservoir in order to illustrate the procedure of coarse graining in the Heisenberg picture. The reservoir effect is approximately replaced by an effective Hamiltonian Kt , and we have the approximate equality between the T-product for fields I/lHa(X) in the Heisenberg picture and I/lwa(x) in the effective Hamiltonian method:
< GI( TI/lH a1 (Xl)'" I/lHan(xn))GI G> ~ < Gsl( TI/lW a1 (Xl)'" I/lwan(xn))GSI Gs> . that, in order to fix the reservoir effect uniquely, one needs additional conditions such as phase invariance, bilinear form, non-local coefficients etc. 18 ), 19) In the subsequent paper,25) we will study if the effective Hamiltonian Kt obtained through the coarse graining in this paper always leads the system to equilibrium.
